Abstract. Given a Polish group G of isometries of a locally compact separable metric space, we prove that each measure preserving Boolean action by G has a spatial model or, in other words, has a point realization. This result extends both a classical theorem of Mackey and a recent theorem of Glasner and Weiss, and it covers interesting new examples. In order to prove our result, we give a characterization of Polish groups of isometries of locally compact separable metric spaces which may be of independent interest. The solution to Hilbert's fifth problem plays an important role in establishing this characterization.
Introduction
Let (X, B(X), µ) be a standard Borel space (i.e., there is a Polish topology on X whose family of Borel sets is B(X)) with a Borel probability measure µ on B(X). given, with some abuse of notation, by
(By L 2 (µ) we understand the real-valued L 2 (µ).)
Let G be a Polish group. Assume we are given a continuous homomorphism π : G → Aut(µ), which we will view as a continuous action of G on
B(X)/µ:
G × B(X)/µ (g, In Theorem 1.1, proved in Section 3, we extend the two results above to all Polish groups of isometries of locally compact separable metric spaces.
Here is a precise definition of this class of groups. Given a separable metric space (X, d), by Iso(X) we understand the group of all isometries of (X, d)
with composition as group operation and with the topology of pointwise convergence. The group Iso(X) is a separable metrizable topological group.
We say that a topological group G is a group of isometries of X if there exists an isomorphism that is also a homeomorphism between G and a subgroup of Iso(X). Of primary interest to us will be Polish groups G that are groups of isometries of locally compact separable metric spaces X. The class of Polish groups of isometries of locally compact separable metric spaces admits an alternative description due to Gao and Kechris [6] as the class of all [7] and [8] . We will use the theory developed in these articles in the proof of Theorem 1.1, see Section 3.
The reader may consult [4] We will be later referring to this property of G as property ( * ).
In Proposition 2.1 we collect some well known properties of Lie groups that will be used. Important to us will be the notion of dimension of a Lie group, which can be understood as the linear dimension of its Lie algebra or, equivalently, as the dimension of the underlying manifold. (iii) Let M, N be Lie groups and let f : M → N be a continuous ho- 
We say that a locally compact Polish group G is Lie projective if for every
and G/K is a Lie group. We will use the following deep theorem about locally compact groups. 
By property ( * ) there exists a closed group
there exists an open subgroup N of N (H 0 ) such that H 0 < N and N/H 0 is Lie projective. We can assume without loss of generality that V ⊆ N .
and so we have N (H) ⊇ N , implying that N (H) is open. Finally, since we have the homeomorphism
Let a Polish group G 0 with property ( * ) be given. We can assume that G 0 has the stronger version of property ( * ) stated above. Fix closed subgroups
H n is normal in M n , M n /H n is a Lie group, and each open neighborhood of 1 in G 0 contains H n for all but finitely many n. We assume, as we can, that M n+1 ⊆ M n . Let π n be the product of the natural quotient functions
and let π n,N , n ≤ N , be the projection
We point out that L n is a Lie group and that
are continuous group homomorphisms.
Let G < G 0 be closed. We will show that G has property ( * ). Fix an
and is, therefore, open in G. Thus, to prove that G has property ( * ), it will suffice to show that for each n,
is a Lie group, and, by Proposition 2.1(i), the connected component of the identity of this closure is a Lie group as well. So if we let
, and therefore we have
For N ≥ n, A N /B n,N is a Lie group by Proposition 2.1(ii). For these groups we have the following claim.
It follows by Proposition 2.1(iii) that
Note however that
and, therefore, there is a surjective continuous homomorphism
From this inequality and from (5) we get
We conclude that the natural number valued function
defined for N ≥ n, is non-increasing, and the conclusion of the claim follows.
For n ∈ N, i n ≥ n will denote the natural number from Claim 1.
Proof. The homomorphisms π n,N A N and π n,N +1 A N +1 induce injective continuous homomorphisms
Furthermore, from (4), we see that
Note that by Claim 1
and that A N /B n,N is connected, as A N is. Now since π n,N and π n,N +1 are injective, by (6), we can consider the injective homomorphism
Since this homomorphism is Borel, it is continuous, and, by what was said above, Proposition 2.1(iv) implies that it is surjective. From this assertion and from (6), the conclusion of the claim follows immediately.
By Claim 2, π n,N (A N ) does not depend on N as long as N ≥ i n . Put
Claim 3. For every n,
Proof. Note first that for each n, π n,n+1 (C n+1 ) = C n . This is because, for
We will use the following general observation concerning Polish groups, see Then the metric d defined by
is a complete metric on G 0 . We will also need the following definition. For each i ∈ N and g 1 , g 2 ∈ M i , let ρ i be given by the formula Fix n 0 . Let y 0 be an arbitrary element of C n 0 . We will show that y 0 ∈ π n 0 (G ∩ i M i ). Using (7), we can recursively pick c n ∈ M n /H n so that for each n we have (8) (c 0 , . . . , c n ) ∈ C n and (c 0 , . . . , c n 0 ) = y 0 .
By definition of C n and A N we have
where N ≥ i n is arbitrary and where the closure is taken in L n . Using this observation and (8), we can pick recursively on n a sequence
is as close to (c 0 , . . . , c n ) as we wish, say, we wish that for all i ≤ n
Consider now an arbitrary left coset 
and similarly
Thus, for i ≤ n we get that
and therefore the sequence (g i ) is d-Cauchy. Since d is complete, (g i ) converges to some g ∞ . Since M i+1 ⊆ M i and since each M i and G are closed, we see that
Furthermore, from (9) we see that for each n π n (g ∞ ) = (c 0 , . . . , c n ), in particular, by (8), we have π n 0 (g ∞ ) = y 0 , as required.
Now we are ready to finish the proof, that is, show that for every n, 
as an open subset. Thus, it suffices to show that this last group is σ-compact.
Take N ≥ i n . Consider the following commutative diagram. The functions in the diagram are defined below it.
The range of the continuous homomorphism π n,N A N is included in the group π n (G ∩ M n ) by Claim 3. The function ρ is defined as follows. In general, given groups M , N M , N 0 , . . . , N n M and K < M , there exist natural injective homomorphisms
From these general principles, we get two continuous injective homomor-
and we let ρ be their compositions. Clearly ρ is a continuous injective homomorphism. By tracing the definitions it is easy to see that ρ is onto π n (G ∩ M n ); thus, ρ is a continuous isomorphism. We define τ by
The function τ is a homomorphism and it is Borel, since ρ −1 is Borel being the inverse of a continuous injection. Since τ maps a Polish group A N into a second countable group, it is a continuous homomorphism.
Since A N is locally compact, it is σ-compact, and, therefore, so is τ (A N )
by continuity of τ . Thus, it suffices to show that τ (A N ) has countable index
Since ρ is an isomorphism, it follows from the diagram that it is enough to
To prove this assertion note that from the definition of A N and from 
Applying π n,N to both sides of the equality above, removing the closure operation, and using π n,N • π N = π n and the fact that π n,N restricted to the group L N is a homomorphism, we obtain
is countable. But this last assertion is obvious since π n (G ∩ M n ) is a homomorphism and G ∩ M N is open and, therefore, of countable index in
Lemma 2.4. A countable product of Polish groups with property ( * ) has property ( * ).
Proof. Assume G n , n ∈ N, are Polish groups with property ( * ). Fix an open neighborhood of 1 in n G n , which we can assume to be of the form
is as required, that is, H is included in the given neighborhood of 1, the 
where σ ∈ S ∞ and h ∈ H N . To prove this fact, fix an open neighborhood of 1 ∈ G, which we can assume to be of the form
for some open 1 ∈ U ⊆ H and some n ∈ N, where n denotes the set {0, . . . , n − 1}. Let
Clearly G 0 is a closed subgroup of G contained in the given neighborhood Let H n ⊆ U n be closed subgroups of G as in property ( * ). Set M n = N (H n ).
Consider ⊕ n (G/H n ), the topological direct sum of the spaces G/H n . This is a locally compact separable metrizable space. We define d * by letting, for
We show that d * is a metric on the set ⊕ n (G/H n ). Therefore xH n = yH n by the remark at the beginning of this argument.
Notice that, by left invariance of d, for each g ∈ G the function
is an isometry with respect to d * .
We show that d * is compatible with the quotient topology on ⊕ n (G/H n ).
It suffices to see that both topologies agree on G/H n , for each n. We start 
where
M n is open in G, x / ∈ M n , and we get a contradiction.
Since (10) is an isometry with respect to
is open in G/H n and homeomorphic to M n /H n with respect to each of the two topologies. Thus, it suffices to see that the two topologies coincide on M n /H n , which follows immediately from [5, Lemma 2.2.8].
We show now that f :
for each n, is an embedding of Polish groups. Clearly f is a group homomorphism. Next note that f is injective. Indeed, let g 1 = g 2 . Take n such that g
Finally, we show that f is a topological embedding. First let g i → g. We want to show that for each The following notion comes from [7] . It will be used in the proof of Recall the definition of property ( * ) from the beginning of Subsection 2.1.
Lemma 3.2. Let G be a group with property ( * ). Then every Boolean action
of G has a spatial model.
Proof. Fix a standard Borel space (X, B(X), µ) with a Borel probability measure µ and fix a Boolean action of G. We aim to show that G-continuous functions are dense in L 2 (µ), which will prove the lemma by Theorem 3.1.
We consider the representation of G induced by the Boolean action. The first step of the proof consisting of an application of a fixed point theorem is borrowed from the proof of [8, Theorem 2.3] . Fix f 0 ∈ L 2 (µ) and ε > 0.
Consider
Since G has property ( * ), we can fix a closed subgroup H < G such that 
Without loss of generality, we can assume that
Let A be the smallest closed sublattice of L 2 (µ) (i.e. A is a linear space closed under max and min) containing f 1 , constant functions, and closed under the action of N (H).
Our goal is to show that G-continuous functions are dense in A in the L 2 -norm. Note that this will finish the proof since then, in particular, we get
where f 0 is the function we fixed at the beginning, we get f − f 0 2 < 2ε.
Let Q be a dense, countable subgroup of 
Thus, we can assume that X itself is standard Borel. Note that X comes equipped with the topology inherited from {0, 1} C , which we will use. 
which allows us to define
It is now easy to check that this is a measure preserving Boolean action of N (H) on B(X )/µ and that for h ∈ N (H)
The measure preserving isomorphism (11) induces in the natural way a lattice isomorphism
This lattice isomorphism is also an isometry between L 2 (µ B) and L 2 (µ ) and, when restricted to
and 
We show that
which it suffices to see that k.f 1 is B-measurable. The latter statement is a consequence of Claim 1.
Now it follows from (15), that π * (f ) is defined for each f ∈ A. Set
Since A is a closed sublattice of L 2 (µ), A is a closed sublattice of L 2 (µ ). Since A is a lattice with 0, 1 ∈ A , we can assume that 0 ≤ q ≤ 1. Now, by the choice of L, we have q − χ B 2 < 2ε.
Claim 2. A ⊇ L ∞ (µ ).

Proof of Claim 2. Since
We will need the claim below to define a Boolean action of G 0 on B(X )/µ . We consider the representation of G 0 induced by the above Boolean action. Since G 0 is locally compact, by a combination of the theorem of Mackey [9] and Theorem 3.1, G 0 -continuous functions for the above representation are dense in L 2 (µ ). We will derive from it the conclusion that G-continuous functions are dense in A in the L 2 -norm, which will finish the proof. First we note that if f ∈ A and π * (f ) is G 0 -continuous, then f is G-continuous. 
